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Hotelling's Model of Electoral Competition

» This is a widely used model in political science and industrial
organization, Hotelling's "linear city” model.
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Hotelling's Model of Electoral Competition

» This is a widely used model in political science and industrial
organization, Hotelling's "linear city” model.

» Players choose a location on a line; payoffs are determined by
how much of the line is closer to them than other players.

» Here, location represents a position on a one-dimensional
political spectrum, but it can also represent physical space or
product space.
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Location on Political Spectrum

Xpmin m Xmax

» Political position is measured by position on an interval of
numbers
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» Political position is measured by position on an interval of
numbers

> Xmin IS the most " left-wing” position, Xmax is the most
"right-wing” position

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



Location on Political Spectrum

Vi V2 V3 Vy Vs
1 1 1 1 1 I —
r Ll T T T L 1
Xmin m Xmax
» Political position is measured by position on an interval of
numbers

> Xmin IS the most " left-wing” position, Xmax is the most
"right-wing” position

» Voters are located at fixed positions somewhere on the line.
This position represents their " favorite position” .
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» Political position is measured by position on an interval of
numbers

> Xmin IS the most " left-wing” position, Xmax is the most
"right-wing” position

» Voters are located at fixed positions somewhere on the line.
This position represents their " favorite position” .

» In this example, there are five voters with favorite positions at
Vi...V5.
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Xpmin m Xmax

» Political position is measured by position on an interval of
numbers

> Xmin IS the most " left-wing” position, Xmax is the most
"right-wing” position

» Voters are located at fixed positions somewhere on the line.
This position represents their " favorite position” .

» In this example, there are five voters with favorite positions at
Vi...V5.

» The median position m is the position such that half of voters
are to the left or equal to m, and the other
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Location on Political Spectrum
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Xpmin m Xmax

» Political position is measured by position on an interval of
numbers

> Xmin IS the most " left-wing” position, Xmax is the most
"right-wing” position

» Voters are located at fixed positions somewhere on the line.
This position represents their " favorite position” .

» In this example, there are five voters with favorite positions at
Vi...V5.

» The median position m is the position such that half of voters
are to the left or equal to m, and the other half are to the
right or equal to m.

» Voters dislike positions that are farther away from them on
the line. They are indifferent between positions to their left
and right that have the same distance.
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Attracting Voters Based on Position

» Candidates can choose their position.
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Attracting Voters Based on Position

» Candidates can choose their position.

» Assume that voters vote for a candidate based only on
distance to the voter's position. They always vote for the
closest candidate.

» If there is a tie (two candidates with the same distance), the
candidates will split the vote.
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Attracting Voters Based on Position

» Candidates can choose their position.

» Assume that voters vote for a candidate based only on
distance to the voter's position. They always vote for the
closest candidate.

» If there is a tie (two candidates with the same distance), the
candidates will split the vote.

» Therefore, each candidate will attract all voters who are closer
to him than any other candidate.
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Attracting Voters Based on Position
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» Suppose there are three candidates who choose positions at
X1, X2, X3.
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Attracting Voters Based on Position
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] |
~— votes for 1 —— votes for 2 ——— votes for 3 —

» Suppose there are three candidates who choose positions at
X1,X2,X3.

» All voters to the left of x; will vote for x;. Likewise, all voters
to the right of x3 will vote for xs.
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Attracting Voters Based on Position
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» Suppose there are three candidates who choose positions at
X1,X2,X3.

» All voters to the left of x; will vote for x;. Likewise, all voters
to the right of x3 will vote for xs.

» Between candidates x; and x», each candidate will attract
voters up to the midpoint (xq + x2)/2.

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



Attracting Voters Based on Position
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» Suppose there are three candidates who choose positions at
X1,X2,X3.

» All voters to the left of x; will vote for x;. Likewise, all voters
to the right of x3 will vote for xs.

» Between candidates x; and x», each candidate will attract
voters up to the midpoint (x1 + x2)/2.

» The candidate that attracts the most votes wins. Ties are
possible.
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Attracting Voters Based on Position
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» Suppose there are three candidates who choose positions at
X1,X2,X3.

» All voters to the left of x; will vote for x;. Likewise, all voters
to the right of x3 will vote for xs.

» Between candidates x; and x», each candidate will attract
voters up to the midpoint (x1 + x2)/2.

» The candidate that attracts the most votes wins. Ties are
possible.

» Candidates’ most preferred outcome is to win. A tie is less
preferable; the more the tie is split, the less preferred.
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Attracting Voters Based on Position

x $(x1+1x2) X2 %(Xz|+x3) x3
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» Suppose there are three candidates who choose positions at
X1,X2,X3.

» All voters to the left of x; will vote for x;. Likewise, all voters
to the right of x3 will vote for xs.

» Between candidates x; and x», each candidate will attract
voters up to the midpoint (x1 + x2)/2.

» The candidate that attracts the most votes wins. Ties are
possible.

» Candidates’ most preferred outcome is to win. A tie is less
preferable; the more the tie is split, the less preferred.

» Losing is the least preferable outcome.

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



Candidates’ Payoff Function

» Payoffs can be represented by this function:
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» Payoffs can be represented by this function:

n if candidate wins
ui(x1,...xn) =4 k if candidate ties with n — k other candidates

0 if candidate loses
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Candidates’ Payoff Function

» Payoffs can be represented by this function:

n if candidate wins
ui(x1,...xn) =4 k if candidate ties with n — k other candidates

0 if candidate loses

» Definition of Hotelling's Game of Electoral Competition:
» Players: the candidates

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



Candidates’ Payoff Function

» Payoffs can be represented by this function:

n if candidate wins
ui(x1,...xn) =4 k if candidate ties with n — k other candidates

0 if candidate loses

» Definition of Hotelling's Game of Electoral Competition:
» Players: the candidates
» Actions: each candidate can choose a position (a number) on
the line
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Candidates’ Payoff Function

» Payoffs can be represented by this function:

n if candidate wins
ui(x1,...xn) =4 k if candidate ties with n — k other candidates

0 if candidate loses

» Definition of Hotelling's Game of Electoral Competition:
» Players: the candidates
» Actions: each candidate can choose a position (a number) on
the line
» Preferences: Each candidate's payoff is given by the function
above.
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Two Candidates

» Suppose there are two candidates that choose positions xi, x.
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Two Candidates

» Suppose there are two candidates that choose positions xi, x.

» The median position (half of voters are on the left, half on the
right) is m.
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Two Candidates

» Suppose there are two candidates that choose positions xi, x».
» The median position (half of voters are on the left, half on the
right) is m.

» Let's examine the best response function of player 1 to x;.
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» Suppose there are two candidates that choose positions xi, x.

» The median position (half of voters are on the left, half on the

right) is m.
» Let's examine the best response function of player 1 to x;.
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Two Candidates

» Suppose there are two candidates that choose positions xi, x.

» The median position (half of voters are on the left, half on the

right) is m.
» Let's examine the best response function of player 1 to x;.
x 33 R omom
—— votes for2 ——— votes for 1

» Case 1: xo<m

» Player 1 wins if x; > xo and (x1 + x2)/2 < m. Every position
between x; and 2m - x; is a best response.

» Case 2: xo>m
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Two Candidates

» Suppose there are two candidates that choose positions xi, x.

» The median position (half of voters are on the left, half on the

right) is m.
» Let's examine the best response function of player 1 to x;.
x 33 R omom
—— votes for2 ——— votes for 1

» Case 1: xo<m

» Player 1 wins if x; > xo and (x1 + x2)/2 < m. Every position
between x; and 2m - x; is a best response.

» Case 2: xo>m

» By the same reasoning, every position between 2m - x; and x;
is a best response.

» Case 3: xo=m
» Choosing m results in a tie; any other choice results in a loss.
Therefore, x; = m is the best response.
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Best Response Function

Bi(x2)

m e By(xy)

m X, — m X, —

» Best response function is:

{x1:x<x1<2m-x2} ifxp<m
Bi(x2) =4 {m} if xo=m

{x1:2m-xp <x1<x2} ifxp>m

» Unique Nash equilibrium is when both candidates choose m.

Prof. Ronaldo CARPIO
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Direct Argument for Nash Equilibrium

» At (m, m), any deviation results in a loss.
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Direct Argument for Nash Equilibrium

» At (m, m), any deviation results in a loss.
» At any other position:

» If one candidate loses, he can get a better payoff by switching
to m.
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Direct Argument for Nash Equilibrium

» At (m, m), any deviation results in a loss.
» At any other position:
» If one candidate loses, he can get a better payoff by switching

to m.
» If there is a tie, either candidate can get a better payoff by

switching to m.

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4




Implications of Equilibrium

» Conclusion: competition between candidates drives them to
take similar positions at the median favorite position of voters
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locate at the same position, or offer similar products
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locate at the same position, or offer similar products

» This is known as "Hotelling’s Law” or " principle of minimum
differentiation”
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take similar positions at the median favorite position of voters

» In physical or product space: competing firms are driven to
locate at the same position, or offer similar products

» This is known as "Hotelling’s Law” or " principle of minimum
differentiation”

» Requires the one-dimensional assumption on voter/consumer
preferences.
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Implications of Equilibrium

» Conclusion: competition between candidates drives them to
take similar positions at the median favorite position of voters

» In physical or product space: competing firms are driven to
locate at the same position, or offer similar products

» This is known as "Hotelling’s Law” or " principle of minimum
differentiation”

» Requires the one-dimensional assumption on voter/consumer
preferences.

» If there is more than one dimension (e.g. consumers care
about both price and quality), this result may not hold
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War of Attrition

» This game was originally developed as a model of animal
conflict.
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War of Attrition

» This game was originally developed as a model of animal
conflict.

» Two animals are fighting over prey.

» Each animal gets a payoff from getting the prey, but fighting
is costly.
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War of Attrition

» This game was originally developed as a model of animal
conflict.

» Two animals are fighting over prey.

» Each animal gets a payoff from getting the prey, but fighting
is costly.

» Each animal chooses a time at which it will give up fighting;
the first one to give up loses the prey.
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War of Attrition

» This game was originally developed as a model of animal
conflict.

» Two animals are fighting over prey.
» Each animal gets a payoff from getting the prey, but fighting
is costly.

» Each animal chooses a time at which it will give up fighting;
the first one to give up loses the prey.

» This can be applied to any kind of dispute between parties,
where there is some cost to waiting.
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Setup of the Game

» Two players are disputing an object. The player that concedes
first loses the object to the other player.
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Setup of the Game

» Two players are disputing an object. The player that concedes
first loses the object to the other player.

» Time is a continuous variable that begins at 0, goes on
indefinitely.
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Setup of the Game

» Two players are disputing an object. The player that concedes
first loses the object to the other player.

» Time is a continuous variable that begins at 0, goes on
indefinitely.

» Assume that player i places value v; on the object (may be
different from other player’s value).
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Setup of the Game

» Two players are disputing an object. The player that concedes
first loses the object to the other player.

» Time is a continuous variable that begins at 0, goes on
indefinitely.

» Assume that player i places value v; on the object (may be
different from other player’s value).

» If player i wins the dispute, he gains v; in payoff.
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Setup of the Game

» Two players are disputing an object. The player that concedes
first loses the object to the other player.

» Time is a continuous variable that begins at 0, goes on
indefinitely.

» Assume that player i places value v; on the object (may be
different from other player’s value).

» If player i wins the dispute, he gains v; in payoff.
» Time is costly. For each unit of time that passes before one
side concedes, both players lose 1 in payoff.
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Payoffs

» Suppose that player i concedes first at time t;.
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» Suppose that player i concedes first at time t;.
» Player i's payoff: —t;
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» Suppose that player i concedes first at time t;.
» Player i's payoff: —t;
» Player j's payoff: v; - t;
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» Suppose that player i concedes first at time t;.
» Player i's payoff: —t;
» Player j's payoff: v; - t;
» If both players concede at the same time, they split the
object.
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» Suppose that player i concedes first at time t;.
» Player i's payoff: —t;
» Player j's payoff: v; - t;
» If both players concede at the same time, they split the
object.
» Player i's payoff: v;/2 -t
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» Suppose that player i concedes first at time t;.
» Player i's payoff: —t;
» Player j's payoff: v; - t;
» If both players concede at the same time, they split the
object.
» Player i's payoff: v;/2 -t
» Player j's payoff: v;/2 -t
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Definition of the Game

» Players: two parties in a dispute.
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Definition of the Game

» Players: two parties in a dispute.

» Actions: each player’s set of actions is the set of concession
times (a non-negative number).
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Definition of the Game

» Players: two parties in a dispute.

» Actions: each player’s set of actions is the set of concession
times (a non-negative number).

» Preferences: Payoffs are given by the following function:

—t; if t; < tj
u,'(tl,tg): V,'/2—t,' if ti=tj
Vi =t if t;> t;
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Best Response Function

ti <vj tj=v; tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.
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Best Response Function

T
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ti <vj tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.

» But if the other player is determined to wait a long time, you
should concede as soon as possible.
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Best Response Function
T
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u
ti <vj tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.

» But if the other player is determined to wait a long time, you
should concede as soon as possible.

» Suppose player j chooses t;.
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Best Response Function
T
N \ s

u
ti <vj tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.

» But if the other player is determined to wait a long time, you
should concede as soon as possible.

» Suppose player j chooses t;.

» Case 1: tj <y
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i

Best Response Function
T
N \ s

u
ti <vj tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.

» But if the other player is determined to wait a long time, you
should concede as soon as possible.

» Suppose player j chooses t;.

» Case 1: tj <y

» Any time after t; is a best response to t;. Payoff: v; —t;
» Case 2: tj=v;

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



i

Best Response Function
T
N \ s

u
ti <vj tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.
» But if the other player is determined to wait a long time, you
should concede as soon as possible.
» Suppose player j chooses t;.
» Case 1: tj <y
» Any time after t; is a best response to t;. Payoff: v; —t;
» Case 2: tj=v;
» Any time after or equal to v; is a best response. Payoff: 0
» Case 3: tj > v;
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Best Response Function
T
N \ s

u
ti <vj tj > v;

» Intuitively, if the other player is going to give up quickly, you
should wait a longer time.
» But if the other player is determined to wait a long time, you
should concede as soon as possible.
» Suppose player j chooses t;.
» Case 1: tj <y
» Any time after t; is a best response to t;. Payoff: v; —t;
» Case 2: tj=v;
» Any time after or equal to v; is a best response. Payoff: 0
» Case 3: tj > v;
» t; =0 is the best response. Payoff: 0
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Nash Equilibrium

» (t1,tp) is a Nash equilibrium if and only if:
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Nash Equilibrium

» (t1,tp) is a Nash equilibrium if and only if:

» t1=0,t > v or
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Nash Equilibrium

» (t1,tp) is a Nash equilibrium if and only if:

» t1=0,t > v or

\%

» =0, 2w
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Implications of Equilibrium

» Players don't actually fight in equilibrium.
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Implications of Equilibrium

» Players don't actually fight in equilibrium.

» Either player can concede first, even if he has the higher
valuation.
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Implications of Equilibrium

» Players don't actually fight in equilibrium.
» Either player can concede first, even if he has the higher
valuation.

» Equilibria are asymmetric: each player chooses a different
action, even if they have the same value
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Implications of Equilibrium

» Players don't actually fight in equilibrium.

» Either player can concede first, even if he has the higher
valuation.

» Equilibria are asymmetric: each player chooses a different
action, even if they have the same value

» This can only be a stable social norm if players come from
different populations (e.g. owners always concede, challengers
always wait)
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» A good is sold to the party who submits the highest bid.
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» A common form of auction:
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» A good is sold to the party who submits the highest bid.
» A common form of auction:

» Potential buyers sequentially submit bids.
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» A good is sold to the party who submits the highest bid.

» A common form of auction:

v

Potential buyers sequentially submit bids.

v

Each bid must be higher than the previous one.
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» A good is sold to the party who submits the highest bid.

» A common form of auction:

v

Potential buyers sequentially submit bids.

v

Each bid must be higher than the previous one.

» When no one wants to submit a higher bid, the current
highest bidder wins.
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» A good is sold to the party who submits the highest bid.

» A common form of auction:

v

Potential buyers sequentially submit bids.

v

Each bid must be higher than the previous one.

» When no one wants to submit a higher bid, the current
highest bidder wins.

v

The actual winning bid has to only be slightly higher than the
second-highest bid.
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» A good is sold to the party who submits the highest bid.
» A common form of auction:

» Potential buyers sequentially submit bids.

» Each bid must be higher than the previous one.

» When no one wants to submit a higher bid, the current
highest bidder wins.

» The actual winning bid has to only be slightly higher than the
second-highest bid.

» We can model this as a second-price auction: the winner is the
highest bidder, but only has to pay the second-highest price.

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



Second-price, sealed-bid auction

» Assume that each person knows his valuation of the object
before the auction begins, so that valuation cannot be
changed by seeing how others behave.
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Second-price, sealed-bid auction

» Assume that each person knows his valuation of the object
before the auction begins, so that valuation cannot be
changed by seeing how others behave.

» Therefore, there is no difference if all bids are made secretly,
then simultaneously revealed: a closed-bid auction.
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Second-price, sealed-bid auction

» Assume that each person knows his valuation of the object
before the auction begins, so that valuation cannot be
changed by seeing how others behave.

» Therefore, there is no difference if all bids are made secretly,
then simultaneously revealed: a closed-bid auction.

» Each player submits the maximum amount he is willing to pay.
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Second-price, sealed-bid auction

» Assume that each person knows his valuation of the object
before the auction begins, so that valuation cannot be
changed by seeing how others behave.

» Therefore, there is no difference if all bids are made secretly,
then simultaneously revealed: a closed-bid auction.

» Each player submits the maximum amount he is willing to pay.
» The highest bidder wins, and pays the second-highest price.
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Setup of the Game

» There are n bidders.
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Setup of the Game

» There are n bidders.

» Bidder i has valuation v; for the object. Assume that we label
the bidders in decreasing order:
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Setup of the Game

» There are n bidders.

» Bidder i has valuation v; for the object. Assume that we label
the bidders in decreasing order:

S V> Vo > L > Y,
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Setup of the Game

» There are n bidders.

v

Bidder / has valuation v; for the object. Assume that we label
the bidders in decreasing order:

S V> Vo > L > Y,

» Each player submits a sealed bid b;.
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Setup of the Game

» There are n bidders.

» Bidder i has valuation v; for the object. Assume that we label
the bidders in decreasing order:

P>V > L >V,
» Each player submits a sealed bid b;.

» If player i’s bid is the highest, he wins and has to pay the
second-highest bid b;. Payoff: v; - b;
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Setup of the Game

» There are n bidders.

» Bidder i has valuation v; for the object. Assume that we label
the bidders in decreasing order:

P>V > L >V,
» Each player submits a sealed bid b;.

» If player i’s bid is the highest, he wins and has to pay the
second-highest bid b;. Payoff: v; - b;

» Otherwise, does not win. Payoff: 0
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Setup of the Game

» There are n bidders.

» Bidder i has valuation v; for the object. Assume that we label
the bidders in decreasing order:

V>V > L >V,

» Each player submits a sealed bid b;.

» If player i’s bid is the highest, he wins and has to pay the
second-highest bid b;. Payoff: v; - b;

» Otherwise, does not win. Payoff: 0

» To break ties, assume player with the highest valuation wins.
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Nash Equilibrium

» Now we have more than 2 players, best response function is
complicated
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Nash Equilibrium

» Now we have more than 2 players, best response function is
complicated

» There are many Nash equilibria in this game. Let's examine
some special cases.

Prof. Ronaldo CARPIO CUR 412: Game Theory and its Applications, Lecture 4



All Players Bid their Valuation

» (b1...by) = (v1...vp), i.e. every player's bid is equal to his
valuation.
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All Players Bid their Valuation

» (b1...by) = (v1...vp), i.e. every player's bid is equal to his
valuation.

» Player 1, who has the highest valuation, wins the object and
pays va.
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All Players Bid their Valuation

» (b1...by) = (v1...vp), i.e. every player's bid is equal to his
valuation.

» Player 1, who has the highest valuation, wins the object and
pays va.
» Player 1's payoff: v; — v >0, all other players: 0
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All Players Bid their Valuation

(by...bn) = (v1...vy), i.e. every player’s bid is equal to his
valuation.

v

» Player 1, who has the highest valuation, wins the object and
pays va.

» Player 1's payoff: v; — v >0, all other players: 0

v

Does anyone have an incentive to deviate?
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All Players Bid their Valuation

(by...bn) = (v1...vy), i.e. every player’s bid is equal to his
valuation.

v

» Player 1, who has the highest valuation, wins the object and
pays va.
» Player 1's payoff: v; — v >0, all other players: 0

v

Does anyone have an incentive to deviate?

v

Player 1:
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All Players Bid their Valuation

(by...bn) = (v1...vy), i.e. every player’s bid is equal to his
valuation.

v

» Player 1, who has the highest valuation, wins the object and
pays vs.

» Player 1's payoff: v; — v >0, all other players: 0

» Does anyone have an incentive to deviate?

» Player 1:

» If Player 1 changes bid to > by, outcome does not change
» If Player 1 changes bid to < by, does not win, gets lower payoff
of 0

» Players 2 ... n:
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All Players Bid their Valuation

(by...bn) = (v1...vy), i.e. every player’s bid is equal to his
valuation.

v

» Player 1, who has the highest valuation, wins the object and
pays vs.

» Player 1's payoff: v; — v >0, all other players: 0

» Does anyone have an incentive to deviate?

» Player 1:

» If Player 1 changes bid to > by, outcome does not change
» If Player 1 changes bid to < by, does not win, gets lower payoff
of 0
» Players 2 ... n:

» If Player i lowers bid, still loses.
» If Player i raises bid to above b; = vy, wins, but gets negative
payoff v; —v; <0
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Player 1 Bids Valuation, All Others Bid 0

» (b1...b,) = (v1,0...0), i.e. all players except player 1 bids 0
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Player 1 Bids Valuation, All Others Bid 0

» (b1...b,) = (v1,0...0), i.e. all players except player 1 bids 0
» Player 1 wins, pays 0. Payoff: v,
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Player 1 Bids Valuation, All Others Bid 0

» (b1...b,) = (v1,0...0), i.e. all players except player 1 bids 0
» Player 1 wins, pays 0. Payoff: v,

» Does anyone have an incentive to deviate?
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Player 1 Bids Valuation, All Others Bid 0

(by...bn) = (v1,0...0), i.e. all players except player 1 bids O

v

» Player 1 wins, pays 0. Payoff: v
» Does anyone have an incentive to deviate?
> Player 1:
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Player 1 Bids Valuation, All Others Bid 0

(by...bn) = (v1,0...0), i.e. all players except player 1 bids O

v

» Player 1 wins, pays 0. Payoff: v
» Does anyone have an incentive to deviate?

> Player 1:

» Any change in bid results in same outcome (because of
tie-breaking rules)

> Players 2 ... n:
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Player 1 Bids Valuation, All Others Bid 0

(by...bn) = (v1,0...0), i.e. all players except player 1 bids O

v

» Player 1 wins, pays 0. Payoff: v
» Does anyone have an incentive to deviate?

> Player 1:
» Any change in bid results in same outcome (because of
tie-breaking rules)
> Players 2 ... n:
» If Player i raises bid to < vy, still loses
» If Player i raises bid to > vi, wins, but gets negative payoff
Vi—v1
» This outcome is better off for player 1, but worse off for the
seller of the object
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